Optimisation of extrusion flat die design and die wall temperature distribution, using Kriging and response surface method. Interna-Abstract: A new optimisation methodology for the design of coat-hanger dies is presented. Two approaches are presented to optimise the velocities distribution across the die exit. In the first approach, we predict the optimal shape of a coat hanger die; in the second approach, to keep the same geometry and avoid design of a new die, we optimise the temperature of regulation in heterogeneous way. This method involves coupling a three-dimensional finite element simulation software and an optimisation strategy. For this optimisation, the Sequential Quadratic Programming algorithm and the global response surface method with Kriging interpolation are used.
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Introduction
Extrusion defects such as weld-lines, non-uniform exit velocity distribution across the extrusion die and problems of stagnation zones are influenced by the geometry of the extrusion die and by the operating conditions such as temperature of regulation, flow rate and the rheological parameters of the melt.
A coat hanger die (Figure 1) is commonly used to extrude thermoplastic thin sheets (Puissant et al., 1994; Michaeli and Kaul, 2004; Reifschneider, 2002; Gifford, 2001; Kaymaz, 2005) . However, if the melt distribution channel is not designed properly, the velocity at the exit may not be uniform (Chen et al., 1997; Wang, 1991) . This leads to a variation in the sheet thickness across the width of the die. Since a tight tolerance on thickness is required for a high-quality plastic sheet, the ultimate goal of this work is to minimise the velocity variations at the die exit.
The design of dies for polymer extrusion is complicated by the non-linear relationship between the resin viscosity, shear rate and temperature dependence; this often involves trial and error corrections to the die geometry to achieve uniform velocities distribution at the exit. Manual correction of the die geometry is a time consuming and costly procedure. The most challenging and demanding work is to find methods of how to reduce or even eliminate die correction. If this is achieved, productivity and cost would be improved and the product will be more competitive.
Regarding the polymer extrusion process, Winter and Fritz (1986) have used the one-dimensional flow analysis, to design coat-hanger dies, which present a uniform exit velocity distribution; these designs are verified experimentally. Michaeli and Kaul (2004) have used a combination of finite-element-analysis and flow analysis network with isothermal flow to optimise the die geometry using an evolution strategy algorithm.
Broyden Fletcher Goldfarb Shanno (BFGS) algorithm is commonly used for the resolution of non-linear optimisation problems. We can mention Sun and Gupta (2004) who have optimised a flat die to obtain a homogeneous velocity distribution using BFGS algorithm. A penalty function was introduced to enforce a limit on the maximum allowable pressure drop in the die. Smith et al. (1998a) optimised the coat hanger die to minimise simultaneously the velocity and residence time variations using BFGS algorithm and penalty function. Smith et al. (1998a) modelled Newtonian and non-Newtonian isothermal flow in a coat hanger die using a generalised Hele-Shaw (HS) approximation, and optimised the die by minimising the pressure drop under the constraint of exit flow uniformity within a pre-set tolerance. The results of the sensitivity analysis needed for the Sequential Quadratic Programming (SQP) algorithm were compared then using direct differentiation and adjoint method. The same author Smith (2003) makes a comparison between two optimisation algorithms with constraint based on SQP and Sequential Linear Programming (SLP) to optimise the geometry for two different materials at various temperatures. The optimisation problem consists in minimising the pressure loss in the die, with an imposed constraint such that a homogeneous velocity distribution within an imposed tolerance is obtained on the outlet side of the die.
All calculation methods (analytical or computational), except the three-dimensional flow model, are unable to simultaneously compute the velocity across the gap of the die land and across the width of the land. However, for complex geometries, the computational resources and time required for the analysis of extrusion dies are considerable. Consequently, the use of evolution strategy algorithm (Michaeli et al., 2001; Sienz et al., 2006) to optimise the extrusion die in three-dimensional analysis is less attractive for designers because of the unacceptable turnaround time for results. The gradient methods (Smith et al., 1998b; Smith, 2003; Sun and Gupta, 2004; Xiaorong et al., 2004; Ettinger et al., 2004; Hua et al., 2004) require the computations of the gradients of the functions, and the computation of gradients by finite difference is time consuming.
The majority of the used optimisation algorithms require a great number of simulations, increasing by this fact the computing time. For the above reasons, in this work we have developed an automatic optimisation algorithm based on a response surface method together with Kriging interpolation and SQP algorithm. This optimisation algorithm is applied to solve two different optimisation problems (optimise the geometrical design and the wall temperature distribution in the coat hanger die). In the first example, the objective function is minimised by varying the geometrical design of the melt distribution channel and in the second example we vary the wall temperature settings.
We used REM3D ® software (Pichelin and Coupez, 1999; Gruau and Coupez, 2005; Silva, 2004) to compute a 3D flow in extrusion dies. This software takes into account strain rate and temperature dependence of the material extruded.
The optimisation benchmark
In this paper, the coat hanger die is optimised for an Acrylonitrile Butadiene Styrene (ABS, Astalac EPC 10000). The polymer flow is supposed to be purely viscous (the viscoelastic behaviour is not taken into account). This assumption is in agreement with Sun and Gupta (2003) who show that the elongation effect does not influence the exit velocity distribution at the die exit. The constitutive equations used in REM3D ® give an expression of the viscosity in function of the shear rate and temperature.
The simulations are performed using a flow rate of 50,000 mm 3 /s with a melt temperature at the die entrance of 240°C.
The rheological parameters of the ABS are referred in Table 1 . A Carreau Yasuda/WLF viscosity model (Balasubrahmanyan and Kazmer, 2003) is used to characterise the temperature and shear rate dependence of viscosity:
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The thermal conductivity (k), density ( ) and heat capacity (C p ) of the polymer used for the flow simulation were assumed to be constant throughout the range of temperature in the flat die and are referred in Table 2 . Owing to the symmetry of the die, only one-half of the passage is modelled as shown in Figure 1 . The boundary condition of no slip at the die wall is assumed. Because of the complexity of the geometry and the important aspect ratio, it is necessary to use an anisotropic mesh with elements of minimum size across the thickness of the die, and much larger along the length and width. 
Automation of the finite element model
To save time at the optimisation process and to control efficiently and easily the optimisation strategy, it is necessary to use all the possibilities of automation offered by this code (via Matlab ® ). Figure 2 shows a diagram of the principle of operation and possible interactions of optimisation routine by Matlab ® with REM3D ® and design routine. It is also possible to automate all the tasks usually carried out through graphic interface from the creation of FEM until the recovery of the results. In Figure 3 and in the next section, we will see the optimisation procedure that we develop to obtain a good homogenisation of velocity at the die exit. 
Design variables and objective functions
As a first example, the extrusion die is optimised with the distributor channel height H as a variable. The initial height is fixed at 36.5 mm and allowed to vary between 30 mm and 110 mm during the optimisation process ( Figure 1 ). The wall die temperature is fixed at 230°C. As a second example, we optimise the die wall temperature. To this end, die wall temperatures are fixed at three locations. During the optimisation process, the three temperatures can vary between 200°C and 280°C, starting from a uniform temperature of 230°C. The maximum temperature of 280°C is chosen so that there is no polymer degradation.
It was mentioned earlier that the goal in flat die design is to minimise the velocity variation across the die exit. Thus, the objective function is defined as follows:
where N is the total number of nodes at the die exit in the middle plane, v i is the velocity at the mid-plan of the gap (i.e., maximum velocity of the Poiseuille profile calculated by the finite element programme) and v is the average exit velocity.
Optimisation procedure
The response surface method (Myers and Montgomery, 2002; Lebaal et al., 2005) consists in the construction of an approximate expression of the objective function starting from a limited number of evaluations of the real function. To obtain a good approximation, we used a Kriging interpolation described in the next section. In this method, the approximation is computed by using the evaluation points by Composite Design of Experiments (CDEs) (Montgomery, 2005) . After the interpolation of the objective function, we minimise it using an SQP method (see Figure 3 ). In addition, to avoid local minima, a successive minimisation is carried out by changing the initial points of the SQP algorithm starting from each point of the DOE. The best solution among those obtained in various iterations is then considered. After we have obtained the best minimum, a weight function of Gaussian type is used to slightly vary the approximate problem and make the response surface more accurate locally. The iterative procedure stops when the successive points are superposed with a tolerance = 10 −3 .
In the first example (geometrical optimisation), with one geometric variable, we use five evaluation points to obtain a good interpolation.
In the second example (die wall temperature optimisation), with three variables, we use 35 evaluation points to have a good interpolation.
Kriging interpolation
Kriging was introduced to meet the needs for minerals prospection. It was used to reconstitute the position of an ore seam starting from concentrations obtained by drilling. We limit ourselves to present the Kriging as an interpolation technique (Kaymaz, 2005; Li et al., 2004) , which allows to model very efficiently complex surfaces of arbitrary shapes. It is applied here to represent the objective and constraint functions in an explicit form, according to the optimisation variables. The construction of a Kriging model can be explained as follows:
with p(x)= [p 1 (x), …, p m (x)] T , where m denotes the number of the basis function in regression model, a = [a 1 , …, a m ] T , is the coefficient vector, x is the design variables, () J x is the unknown objective or constraint interpolation function and Z(x) is the random fluctuation. The term p T (x)a in equation (3) indicates a global model of the design space, which is similar to the polynomial model in a Moving Least Squares (MLS) approximation. The second part in equation (3) is a correction of the global model. It is used to model the deviation from p T (x)a so that the whole model interpolates response data from the function.
The output responses from the function are given as follows:
From these outputs, the unknown parameters a can be estimated:
where P is a vector including the value of p(x) evaluated at each of the design variables and R is the correlation matrix, which is composed of the correlation function evaluated at each possible combination of the points of design:
A weight function of Gaussian type with a circular support is adopted for the Kriging interpolation because its derivatives with respect to the coordinates exist to any desired order. It takes the following relationship: is the distance from a discrete node x i to a sampling point x in the domain of support with radius r w , and c is the dilation parameter. c = r w /4 is used in computation. 0 ≤ x ≤ 1 represents the degree of the importance of the weight function.
The second part in equation (3) is in fact an interpolation of the residuals of the regression model p T (x)a. Thus, all response data will be exactly predicted and are given as follows: 
Geometrical optimisation
The objective of this technique is to reach the global minimum on the field domain. The optimisation consists in adjusting the height of the melt distribution channel (H) (see Figure 1 ) to minimise the velocity variation at die exit. The optimisation algorithm, described in the previous section, is used to optimise a flat die for ABS. The flat die based on geometric parameters shown in Figure 1 was employed as the initial design for the optimisation scheme.
A representative convergence history during an optimisation run is represented in Figure 4 . In this case, the initial value of the melt distribution channel depth (variable H) is 36.5 mm. After two iterations, the superposition of the successive points fell below the cutoff of = 10 −3 and the simulation stopped. This optimisation run represents 11 h 23 mm of CPU time on a computer Pentium IV, 3 GHz, 1 Go RAM. Under the constraints of die geometry, melt flow rheology and operating conditions, the optimal value of the melt distribution channel depth was found at H = 94.9 mm. The same figure illustrates the evolution of the normalised objective function according to the number of iteration. We can see that it is varying quite fast at the beginning of the optimisation until the second step. Its final value is about 5.3 × 10 −2 , which represents a total variation of about 94.7%.
Qualitatively, velocity distributions at the exit of the optimised die ( Figure 5(B) ) are more uniform than the exit velocity in the initial die design ( Figure 5(A) ). It is obvious from Figure 5 (A) that in the initial die design the exit velocity at the border of the die is significantly higher than at the centre of the die. After the optimisation, we observe in Figure 6 that the exit velocity distributions at the mid-plane in the gap for the optimised die design is much more uniform across the entire width of the half die. The exit velocity drops to zero in the small regions near the border of this die to satisfy the no slip condition at the walls. The pressure drop in the initial die design is 4.423 MPa (Figure 7(A) ). It should be noted that the pressure drop decreases during the optimisation iteration. The total pressure drop in the optimised die was decreased by 49.9% or 2.215 MPa (Figure 7(B) ). Compared with the initial geometry, the flow rate can be increased by 140% at the same pressure drop (Figure 8 ). Non-uniform exit temperature distribution is observed in the initial die (Figure 9(A) ). However, it is to be noted that more polymer is flowing towards the edge because of the shear heating. Hence, the temperature is lower near the middle of the die and higher near the edge. By comparison, the shear heating in the optimal die and the temperature distribution are more uniform (Figure 9(B) ) because of the homogeneous distribution of the exit velocity. 
Optimisation of the die wall temperature
The convergence history during an optimisation run is represented ( Figure 10 ). After three iterations, the simulation stopped. This optimisation run represents Five days and 9 h of CPU time in a computer Pentium IV, 3 GHz, 1 Go RAM. We notice that the normalised objective function is varying quite fast at the beginning of the optimisation until the third step. Its final value is about 6.88 × 10 −2 . The initial values of the die wall temperatures are T 1 = T 2 = T 3 = 230°C, where T 1 represents the temperature in the centre of die, T 3 the temperature near the border of the die and T 2 the temperature between T 1 and T 3 (Figure 11 ). To improve the uniformity of velocity at the die exit, the optimal values for the temperatures profile of the die wall in the three zones are varied from T in = 230°C to T 1 = 276.4°C, T 2 = 257.02°C and T 3 = 223.88°C (Figure 12 ), respectively, in zones one, two and three. We find that the temperature of the initial regulation ( Figure 13(A) ) gives a non-uniform exit velocity distribution. This velocity distribution in the initial die is obtained with a uniform die wall temperature T = 230°C. We notice in Figure 14 , that in the centre of the die, the velocities are lower; on the other hand, in the two parts close to the end of the die we observe that the velocities increase until 50%. The optimal solution shows higher wall temperatures in the centre of the die. On the other hand, the temperatures are lower on the edge to increase the viscosity of polymer, which generates a reduction in the flow towards the edge. With these optimal temperatures of regulation, we could obtain a balance, which provides homogeneous exit velocities distribution according to all the width of the die (Figures 13(B) and 14) . For the initial temperature of regulation, the pressure drop is about 4.42 MPa (Figure 15(A) ). It should be noted that the pressure drop decreases during the optimisation iteration. The total pressure drop in the die for the optimal temperature of regulation was decreased by 26.88%, which represents 3.23 MPa (Figure 15(B) ).
We note a higher exit temperature for the optimal regulation profile because the wall temperature has increased in the centre of the die by 46°C and 27°C, respectively, in T 1 and T 2 . In the small regions near the border of this die, the temperature decreases by only 7°C (T 3 ) ( Figure 12 ). Figure 16 illustrates the melt temperature distributions in the mid-plane of the initial (A), and optimised (B) die wall temperature regulation. We note a difference in melt temperature along the die width for the optimal die temperature regulation (Figure 16(B) ). But, the great difference of regulation temperature (about 50°C) on the wall die leads to a variation of melt temperature of only 10°C across the die exit width. This variation could, however, generate difficulties during drawing and cooling of the sheet obtained on the outlet side of the die.
Conclusion and prospects
We have obtained good optimisation results using a response surface method with a very fast convergence (two iterations). This is due to the good interpolation obtained using Kriging interpolation. The weight function and the various evaluations of the interpolation function (requiring only small CPU time) allow to determine an accurate global minimum. An optimisation methodology for the die design for polymer sheet extrusion has been developed. This optimisation methodology may be applicable to optimise both operating conditions (in our case the die wall temperature) or the geometrical design.
To save time and control easily the optimisation procedure, we have linked this programme with REM3D ® software and a separate design routine. The optimisation programme uses the REM3D ® software to simulate the polymeric flow in the flat die.
This programme successfully optimised in the first approach the geometrical design of a flat die for a uniform velocity and temperature distribution at the die exit and decreasing in the same time the pressure drop in the die.
In the second approach, to preserve the existing geometry and avoid to design and manufacture a new die, the wall temperature distribution is optimised in heterogeneous way (i.e., the wall temperatures are different in the various zones of the die). This same approach permits to optimise the velocity distribution in the existing die.
For our future work, we plan to optimise more complex geometries of extrusion die for various polymers and for multiple operating conditions.
